Abstract. We extend Melham's formulas in [16] for certain classes of finite sums that involve generalized Fibonacci and Lucas numbers. We study the linear sums where only single terms of these numbers appear. Our results show that most of his formulas are the initial terms of a series of formulas, that the analogous and somewhat simpler identities hold for associated dual numbers and that besides the alternation according to the numbers (−1)
Introduction
The main goal of this paper and its sequel [5] is to improve several results by R. S. Melham in [16] . His idea was to consider identities for those finite sums of (products of at most two) generalized Fibonacci and Lucas numbers where the right hand side has a pleasant form. In order to achieve a balance between elegance and generality, he choose to employ the following four sequences that we now define.
Let a, b and p be arbitrary complex numbers such that p = 0 and p 2 = −2, −4. The roots α = For (a, b) = (0, 1), we write W n = U n and X n = V n . Then {U n } n∈Z and {V n } n∈Z are the third and the fourth sequences, respectively.
Of course, these numbers can also be defined recursively since the identities W 0 = a, W 1 = b, W n = p W n−1 + W n−2 and X 0 = 2 b − a p, X 1 = 2 a+ b p, X n = p X n−1 + X n−2 are true for all integers n. Moreover, W n and X n generalize U n and V n , respectively, which in turn generalize F n and L n (Fibonacci and Lucas numbers), respectively. Aspects of W n and X n have been treated, for example, in [1] , [13] , and [21] , and more recently in [15] .
We shall employ also another four similar sequences that we call dual and denote by w n , x n , u n and v n (the corresponding small letters) which come from the equation z 2 − p z + 1 = 0 under the assumption that p = 0 and p 2 = 2, 4. Let δ = p 2 − 4. For example, the numbers w n satisfy w 0 = a, w 1 = b, w n = p w n−1 − w n−2 (for n ≥ 2) and are given explicitly by w n =
Aspects of u n and v n have been treated in [9] and [11] . These papers mention that the sequence {u n } generates the natural numbers when p = 2 and that for p > 2, some familiar properties of the natural numbers can be found in {u n } (for example, the formula
n is analogous to the familiar identity n i=1 (2i − 1) = n 2 ). Also, for p = 3, we have u n = F 2n and v n = L 2n while for p = 6, we have u n = P 2n (the Pell subsequence).
As in [16] , in each of our sums the lower limit is allowed to vary. Accordingly, we always assume the upper limit to be greater than the lower limit, and that either limit may be negative.
In Sections 2-9 we present our results that are collected into eight sets of sums covering the linear sums in Sections 2 and 3 of [16] and then conclude by giving in Section 10 a sample proof.
The first set of sums
In the formula (2.1) in [16] (see also [3] and [4] ), Melham proved that the sums of either 4k + 1 or 4k + 3 consecutive terms of the sequence (W j ) j∈Z is a simple product. Our first two formulas show that the same holds for all sequences (W s j ) j∈Z , where s is any integer. Hence, instead of a single formula we obtain a whole sequence of formulas (one for each value of s).
Let i, k and s denote arbitrary integers. Define linear functions E, O : Z → Z by E(s) = s = 2 s and O(s) = s = 2 s + 1 for every s ∈ Z. In order to get short formulas we shall use these two functions E (for even) and O (for odd) (i. e., letters with underline and/or overline) and the following five substitutions (i. e., short names)
The next two series of identities cover the case when instead of the odd multiples s j of the index j we consider its even multiples s j.
These sums for the numbers w n are always products (regardless of how many terms are in the sum) and have the following forms that depend only on the parity of the number of terms.
3. The second set of sums
The following identities give an analogous extension of the formula (2.2) in [16] .
These sums for the numbers w n are again always products (regardless of how many terms are in the sum).
4. The third set of sums
The extension of the identity (2.3) in [16] consists of the following group of formulas. Let
Let M 3 and M 4 stand for the products
(−1)
Here it is possible to consider the same sums using the alternation according to (−1)
instead of the one according to (−1)
. The formulas for these sums differ only slightly from the formula for the original sum (usually in signs of two terms). For example, the corresponding identity for the first half of (4.1) above is the following formula (note the change of (−1)
and of the plus sign into the minus sign in the bracket). Let
For the dual numbers w n these sums are somewhat simpler again. Let
The alternation according to (−1)
in the first part of (4.4) is given by the following identity. Similar changes occur in the second part of (4.4).
It is interesting that in the above sums we can add different terms and still end with almost the same formula. For example, for the first part of (4.1) this modification gives the following identity.
The fourth set of sums
The formula (3.1) in [16] is also the first of a whole series of formulas.
Another way to write the first part of (5.2) is the following.
For the numbers w n these formulas are as follows. We simply replace big letters with small and only in the third formula V is twice replaced with u and not with v. They also follow from formula (2.3) for s = 4 s + 2 and s = 4 s. The identity u s w s(k+1) + w s k = u s w s k and its special case when w is replaced with u imply the following shorter forms.
The formula (3.3) in [16] can be extended in a similar way.
The above remark applies again to the versions of these formulas for the numbers w n . This time, in the first part of (5.6), the letter U is twice replaced with v and not with u. Of course, these formulas are much simpler because there is no need to consider separately even and odd multiples of j.
6. The fifth set of sums
The following is the extension of the formula (3.4) in [16] . Recall that m is the difference k − i and is the sum k + i.
Once more, these sums for the numbers w n are simpler.
The following two formulas cover the alternation according to the numbers (−1)
in (6.1) and (6.2).
The following is the extension of the formula (3.5) in [16] .
This sum for the numbers w n is the following.
The following identity extends the formula (3.6) in [16] .
Once again for the numbers w n this sum is simpler.
The following identity improves the formula (3.7) in [16] .
Here is the corresponding identity for the numbers w n . The following formulas are also similar to (3.4)-(3.8) in [16] .
and M 3 = W s( +i +2) + W s( +i +1) . For each t = 0, 1, 2, 3, the following identity holds.
gives similar identities. If the pairs {(+, −), (−, −), (+, −), (+, +)} describe the signs in the four cases on the right hand side of (7.1), then the pairs {(+, +), (+, −), (−, −), (+, −)} give the signs in the formula for this alternation.
, respectively. For each t = 0, 1, 2, 3, the following identity holds.
2)
The pairs {(−, −), (+, −), (+, +), (−, +)} describe signs of terms on the right hand side for the alternation according to (−1)
In the alternation according to (−1)
above the signs of terms in the bracket are given by the pairs {(−, +), (+, +), (+, −), (−, −)}.
, then for each t = 0, 1, 2, 3, the following identity holds.
The pairs {(+, −), (−, −), (−, +), (+, +)} describe signs of U s k and U s ( k+1)
in a similar formula for the alternation according to (−1) and every s with s in the rest of (7.1) we get the formula for the sum
For the sum 4 i+t+4 k+1 j=4 i+t (−1)
W s j , the paragraph after the identity (7.1) now applies.
Similarly, if we replace the quotient
and every s with s in the rest of (7.2) and on the right side every W with X we obtain the formula for the sum
For the sum 4 i+t+4 k+3 j=4 i+t (−1)
W s j , the paragraph after the identity (7.2) now applies.
The seventh set of sums
Some linear sums with binomial coefficients are also products. There are no sums of this type in [16] . However, there is a vast literature of papers that consider various sums in which binomial coefficients and (generalized) Fibonacci and/or Lucas numbers appear. Our references list only a few of these simply as examples of such papers.
Our first identity, for i = 0, a = 0 and b = 1, is the Corollary 2 in a recent paper [10] . Hence, for s = 1, a = 0, b = 1 and p = 1 (when W n is the n-th Fibonacci number F n for every integer n), it agrees with the identity (3) in the more recent paper [7] .
The following identity for i = 0, a = 0 and b = 1, is Corollary 1 in [10] . Hence, for s = 0, a = 0, b = 1 and p = 1 it agrees with the identity (2.3) in [2] .
The corresponding alternating sums are similar to (8.2) and (8.1).
The same form have the sums in which the binomial coefficient k j is multiplied with the integer j.
Finally, the same holds for alternating sums of sums in (8.5) and (8.6).
. The eighth set of sums
The sums from the previous section for the numbers w n are a bit simpler.
When s = 0, i = 0, a = 0 and b = 1, the above identity appears as the identity (2.1) in [9] .
When i = 0, a = 0 and b = 1, the above identities (9.1) and (9.2) are similar to the identity (2.1) in [11] .
When i = 0, a = 0 and b = 1, the above identities (9.3) and (9.4) are similar to the identity (2.3) in [11] .
When s = 0, i = 0, a = 0 and b = 1, the above identity appears as the identity (2.2) in [9] .
When i = 0, a = 0 and b = 1, the above identities (9.5) and (9.6) are similar to the identity (2.2) in [11] .
When i = 0, a = 0 and b = 1, the above identities (9.7) and (9.8) are similar to the identity (2.4) in [11] .
A sample proof
Each of our formulas can be discovered and proved with the help of a computer. Here we describe how to do this for the first formula in (2.1).
In Maple V, the following code performs search for those sums of consecutive terms of the sequences (W sj ) j∈Z which are products. In order to figure our some pattern, we consider the values i, n and s in some small ranges (for example, 1 ≤ i ≤ 4, 1 ≤ n ≤ 10 and 1 ≤ s ≤ 3). We use the fact that the products have considerably smaller number of parts than the high order polynomials that do not factor. for i from 1 to 4 do for n from 1 to 10 do for u from 1 to 3 do if nops(factor(add(W(a,b,p,(2*u+1)*j),j=i..i+n)))<8 then print([i,n,u]);fi;od;od;od;
Of course, the function W is the Binet form of the numbers W n from the introduction.
As a result of this search, we conclude that products show up only when the integers n are either 4 k + 1 or 4 k + 3.
Next we repeat the above search for n = 4 k + 1 and for a small range of values k take a closer look into the factors. One factor contains a, b and p, while all other factors are polynomials only in p and are (factors of the) polynomials V n . The trick here is to multiply the sum i+n j=i W s j with V s in order to conclude that these factors of the second kind (that do not contain a and b) are in fact V s k .
Finally, the first factor (the one containing a, b and p) does resemble numbers W n but not quite. The idea here is to select the index n simply to eliminate the leading term of the first factor (considered as a polynomial in p). It is useful here to remember that polynomials (in p) on both sides of (2.1) have equal degrees. After we subtract this W s µ what remains is W s λ . The first factor is therefore W s µ + W s λ .
Hence, so far we know that the identity
holds for some very small ranges of values i, k and s. In order to prove that it is true for all values of i, k and s, note that the left hand side of ( * ) is
and g = f (β, α). The right hand side is RHS = F · (b − aβ) − G · (b − aα), where F = F (α, β) = (α s k + β s k )(α s + 1)α s ( +k) α − β and G = F (β, α). If we replace each β in the difference F − f with − 1 α we obtain zero. Similarly, we conclude that G = g so that LHS = RHS and the first identity in (2.1) is true for all integer values of i, k and s. 
Concluding comments
Each of our formulas for the sums of the numbers W n has a version for the corresponding sum of the numbers X n . On the right hand sides the letters W and X are changed into the letters X and W and in the later case an extra factor ∆ appears. Similarly, every formula for the sum of the dual numbers w n has a version for the corresponding sum of the dual numbers x n . On the right hand sides the letters w and x are changed into the letters x and w and in the later case an extra factor δ appears.
The concluding comments in [16] explain the role of Russell's papers [17] and [18] in this area and how the contribution [16] and therefore also the present paper (only for the linear sums) and its sequel [5] (for the quadratic sums) want to explore those cases when these formulas are particularly simple. Of course, this is possible only for more specialized Horadam numbers like W n and w n .
We hope that this paper for linear sums and its sequel [5] for quadratic sums constitute a partial realization of Melham's prediction "we expect that there is scope for further research along the lines that we set forth" on the first page of [16] .
